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The Landau-Khalatnikov-Fradkin transformations (LKFTs) represent an important tool for prob-
ing the gauge dependency of the correlation functions within the class of linear covariant gauges.
Recently they have been derived from first principles in the context of non-Abelian gauge theory
(QCD) introducing a gauge invariant transversal gauge field expressible as an infinite power series
in a Stueckelberg field. In this work we explicitly calculate the transformation for the gluon propa-
gator, reproducing its dependency on the gauge parameter at the one loop level and elucidating the
role of the extra fields involved in this new theoretical framework. At last, we present a unifying
approach based on the BRST symmetry to essentially establish the equivalence between the LKFTs
and the Nielsen identities, another, perhaps better known, tool to connect results in different gauges.
I. INTRODUCTION
Gauge symmetries are an ubiquitous feature in our theoretical understanding of physical interactions
at their fundamental level. The quantum field theory describing the Standard Model of particles on one
side, and the classical theory of General Relativity describing the gravitational force on the other, both
include, in their dynamical field content, redundant degrees of freedom that transform non-trivially under
a local gauge transformation that leaves the action invariant.
Unlike global (rigid) symmetries, gauge symmetries do not rotate physical observables, which are gauge
invariant quantities. In a continuum formulation of the theory, these quantities are generally extracted
from gauge dependent correlation (or Green’s) functions and it is a non-trivial problem to understand
how the gauge dependency get cancelled, both in perturbative as in non perturbative calculations.
Choosing a gauge fixing procedure a` la Faddeev-Popov [1], needed in the continuum, that preserves
Lorentz symmetry (or its Euclidean counterpart), e.g. the linear covariant gauge considered here, the
gauge dependency of the correlation functions is manifested in the presence of the gauge fixing parameter
inside their expressions.
LKFTs [2, 3] (see also [4, 5] for a derivation using functional methods) are a set of identities that allow
to interpolate an arbitrary n-point correlation function for different values of the gauge parameter. These
transformations have been investigated so far mostly in the Abelian case (QED) [7–11] (see however [6])
and focusing exclusively on the fermion propagator.
In the non-Abelian case (QCD) the constraints imposed by gauge transformations on the correlation
functions have been mainly studied in the form of the Slavnov-Taylor identities [12] (their Abelian coun-
terpart are the Ward-Takahashi identities [13]), that can be derived by exploiting the invariance of the
effective action under the BRST symmetry transformation [14] and that guarantee the renormalizabilty
of the theory. Besides being an essential tool in order to prove renormalizability at all orders, these iden-
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2tities have constituted the main guide to constructing viable ansa¨tze for the dressed fermion-boson vertex
inside the fermion gap equation [15–21], a non-perturbative key element in the continuum for studying
quark confinement and the dynamical breaking of chiral symmetry (DCSB) [22, 23]. The gap equation for
the quark propagator constitutes one piece of the infinite tower of non-linear coupled Dyson-Schwinger
equations (DSEs) for the n-point 1PI correlation functions, a system that needs to be truncated at some
level, in order to be analytically and numerically tractable; hence the necessity to provide a model for
the higher order Green’s functions that are left out from the truncation scheme.
The gauge covariance of the correlation functions expressed by the LKFTs should therefore further
restrain the possible form of the fermion-boson vertex [7], which in addition to be consistent with its own
LKFT, should yield the correct gauge covariance of the quark propagator within the gap equation, and
guarantee the gauge invariance of physical observables in return.
In [24] a derivation of the LKFTs for the n-point correlation functions has been carried through,
manipulating gauge invariant composite operators Ahµ and ψ
h that include a Stueckelberg type scalar
field. These composite fields, originally introduced in an attempt to construct gauge invariant colored
states [25], have been recently come back in the spotlight in the context of the gauge-fixing procedure at
a non-perturbative level, when one takes into account the problem of Gribov copies [26], by extending
the Gribov-Zwanziger scenario, originally formulated in Landau gauge, to the class of linear covariant
gauges, while preserving a nilpotent BRST symmetry [27–29].
A derivation of the LKFTs introducing a Stueckelberg field had already been established in the context
of QED [30], while the analysis developed in [24] generalizes this approach to the non-Abelian case.
In the following, as a workbench to test the soundness of the latter formalism, which involves the
appearance of new dynamical fields, we derive the LKFT for the gluon propagator and evaluate its
expression at the one loop level. In fact, although like in the Abelian case the longitudinal part of the
gauge boson propagator does not receive quantum corrections, a result which is here reproduced by the
same LKFT, the transverse part contains, unlike in the photonic case, a non-trivial dependency on the
gauge parameter, which the LKFT correctly reproduces. Moreover, using the extended source formalism,
we will also discuss the equivalence between the LKFTs and Nielsen identities.
II. CLASSICAL ACTION
We consider the following classical action in Euclidean space [24, 31, 32]
S = SQCD + Sgf + Sh, (1)
where SQCD is the usual gauge invariant QCD action that encodes the dynamics of quarks and gluons
SQCD =
∫
dDx
[
1
4
F aµνF
a
µν + ψ¯ (γµDµ +mf )ψ
]
, (2)
where for simplicity only one flavour of quarks is considered. F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν is the
gluon field strength tensor and Dµ = ∂µ− igT aAaµ is the covariant derivative, T a being the generators of
the SU(N) group that satisfy the Lie algebra [T a, T b] = ifabcT c. Sgf includes the gauge-fixing terms in
the linear covariant gauge
Sgf =
∫
dDx
[α
2
baba + iba∂µA
a
µ + c¯
a∂µD
ab
µ c
b
]
, (3)
where ba is the Nakanishi-Lautrup auxiliary field that implements the gauge condition [33], α is the gauge
parameter, ca(x) and c¯a(x) are the anticommuting ghost fields that yield the exponential representation of
the Jacobian arising in the gauge fixing procedure, and Dabµ = ∂µδ
ab−gfabcAcµ is the covariant derivative
in the adjoint representation. The Landau gauge corresponds to α = 0, for which the auxiliary field ba
strictly enforces the transversality condition ∂µA
a
µ = 0.
This standard gauge-fixed QCD action is augmented by the term
Sh =
∫
dDx
[
τa∂µA
h,a
µ + η¯
a ∂µD
ab
µ (A
h)ηb
]
, (4)
3where Ah is the composite operator which incorporates the gauge field Aµ and the scalar Stueckelberg
field ξ
Ahµ = h
†Aµh+
i
g
h†∂µh, h = eigT
aξa , (5)
whose gauge invariance is guaranteed by the action of the SU(N) gauge transformation U = eigT
aαa on
h
hU ≡ U†h , AUµ = U†AµU +
i
g
U†∂µU
=⇒ (Ahµ)U = (h†)UAUhU +
i
g
(h†)U∂µhU = Ahµ.
(6)
Ahµ given in (5) and forced to be transversal through the introduction of the auxiliary field τ
a in Sh,
is the localized representation of the gauge invariant non-local operator that minimizes the functional∫
dDxTrAUµA
U
µ along a gauge orbit, which is given by (see for instance [27])
Ahµ =
(
δµν − ∂µ∂ν
∂2
)(
Aν − ig
[
1
∂2
∂σAσ, Aν
]
+
ig
2
[
1
∂2
∂σAσ, ∂ν
1
∂2
∂σAσ
]
+O(A3)
)
. (7)
Each term in this non-local expression contains at least one factor of the gauge field divergence, which
makes it explicit how in Landau gauge (∂µAµ = 0) A
h
µ = Aµ. By expanding (5) in powers of ξ and
imposing the transversality condition, one can iteratively solve for the Stueckelberg field ξ,
ξ =
1
∂2
∂µAµ + i
g
∂2
[
∂µAµ,
∂σ
∂2
Aσ
]
+ i
g
∂2
[
Aµ,
∂µ
∂2
∂σAσ
]
+ i
g
2∂2
[
∂µ
∂2
Aµ, ∂σAσ
]
+O(A3). (8)
and recover the non-local representation given in (7). The introduction of a new pair of Grassmannian
ghost fields η and η¯ in (4) is required in order to take care of the non-trivial Jacobian arising by the
dependency of Ahµ on the Stuckelberg field. In fact, if one integrates back the auxiliary field τ and the
pair of ghost fields, one is left with the path integration over the Stueckelberg field, yielding∫
Dξ δ
(
∂µA
h
µ
)
det
(−∂µDµ(Ahµ)) = 1. (9)
Here, we stress that this unity is based on the perturbative resolutiona of the τ -equation of motion, which
renders the unique perturbative series solution (8). Beyond perturbation theory, this uniqueness might
fail.
This is the same identity introduced in the Faddeev-Popov gauge-fixing procedure. This means that
the insertion of Sh does not change the physical content of the theory, but it conveys a classical action
that is non-polynomial, given the infinite number of terms obtained by expanding (5) in terms of ξ
Ah,aµ = A
a
µ −Dabµ ξb −
g
2
fabcξbDcdµ ξ
d − g
2
3!
fabdfdceξbξcDefµ ξ
f +O(ξ4). (10)
Despite this fact, we stress that the Lagrangian is still local, since each term in (10) comprises at most
one derivative of ξ, which is easily understood by dimensional analysis, the Stueckelberg field being
dimensionless. This scenario shares similarities with the one encountered in the non-linear sigma models.
Due to the gauge invariance of Ahµ, the new term represented by Sh clearly does not spoil the standard
BRST symmetry of the classical action; while the new fields τ , η and η¯ are BRST singlets, the BRST
transformation of the Stueckelberg field can be obtained iteratively from the transformation of h, (shij =
−igca(T a)ikhkj), yielding
sξa = −ca + g
2
fabccbξc − g
2
12
fabcf bdecdξeξc +O(ξ3). (11)
aWe thank Urko Reinosa for discussion on this point.
4The introduction of the gauge invariant field Ahµ makes it straightforward to accommodate a dimension
d = 2 gluon operator in a gauge invariant fashion, by adding to the action the term 12m
2Ah,aµ A
h,a
µ .
This term would take into account the non-perturbative formation of a dimension two gluon condensate
[34–38] that is responsible for the infrared saturation of the gluon propagator, a behavior emerged in
different continuum approaches [39–45] and observed in the lattice simulations [46–49]. In particular, in
Landau gauge, where Ahµ = Aµ, this gauge invariant massive term will reduce to the massive extension
of Yang-Mills theory, known as Curci-Ferrari model, that recently has been proved very successful in
reproducing the lattice results for the correlation functions [50, 51].
Since at the moment we are merely interested in reproducing the correct gauge covariance of the gluon
propagator at a perturbative level, we will not consider the effects of this massive operator for now.
It is noteworthy that, whether the massive operator is included or not, the action (1) defines a quantum
theory that is renormalizable at all orders in perturbation theory [31, 32, 52], which is quite remarkable
given the infinite number of interactions present. For this fundamental property to hold, the transver-
sality of the field Ahµ is the key factor that distinguishes this formulation from the non-power counting
renormalizable original Stueckelberg action [53].
III. LANDAU-KHALATNIKOV-FRADKIN TRANSFORMATIONS
Albeit, as argued in the previous section, the addition of Sh to the classical action does not change the
physical content of the theory and would appear to represent a pointless complication, the introduction
of the gauge invariant field Ahµ makes it straightforward to derive the gauge covariance of the correlation
functions (see [24] for an alternative derivation based on functional integration). In fact, we can define
the corresponding gauge invariant operators for the fermion fields
ψh = h†ψ, ψ¯h = ψ¯h,
=⇒(ψh)U = (h†)UψU = h†UU†ψ = ψh, (ψ¯h)U = ψ¯h, (12)
which can in turn be expanded in terms of the Stuckelberg field ξ as
(ψh)i = ψi − igξa(T a)ijψj − g
2
2
ξaξb(T a)ik(T b)kjψj +O(ξ3). (13)
Combining these gauge invariant fields, one can derive the LKFTs for the correlation function of an
arbitrary product of gauge and fermion fields. The crucial point is that the correlation function of a
product of gauge invariant (and therefore BRST invariant) operators Ahµ and ψ
h does not depend on the
gauge parameter [31, 32, 54], being the gauge-fixing term in (1) BRST exact. We therefore have
〈Ahµ1(x1) . . . Ahµn(xn)ψ¯h(y1)ψh(z1) . . . ψ¯h(ym)ψh(zm)〉α = 〈Ahµ1(x1) . . . Ahµn(xn)ψ¯h(y1)ψh(z1) . . . ψ¯h(ym)ψh(zm)〉α′ ,
(14)
where the subscript α (α′) refers to the value of the gauge parameter used to evaluate the correlation
function. If one now puts α′ = 0 (Landau gauge), the rhs of (14) reduces to the correlation function under
interest of the usual elementary fields, since in this particular gauge the Stueckelberg field ξ is forced to
be zero on-shell [54], implying that Ahµ = Aµ and ψ
h(ψ¯h) = ψ(ψ¯), a fact that can also be appreciated
by looking at the form of the Stueckelberg propagator (see below, 〈ξ(p)ξ(−p)〉 = αp4 ), which vanishes in
Landau gauge.
The lhs of (14), on the other hand, can be expanded using (10) for Ah and the corresponding series
for ψh and ψ¯h in terms of the Stueckelberg field. One can therefore formally write the identity
〈Aµ1(x1) . . . Aµn(xn)ψ¯(y1)ψ(z1) . . . ψ¯(ym)ψ(zm)〉α =
〈Aµ1(x1) . . . Aµn(xn)ψ¯(y1)ψ(z1) . . . ψ¯(ym)ψ(zm)〉α=0 −Rα(x1, . . . , xn, y1, . . . , ym, z1, . . . , zm),
(15)
where Rα(x1, . . . , xn, y1, . . . , ym, z1, . . . , zm) stands for the remaining expression coming from the expan-
sion of the gauge invariant fields. It represents an infinite series of correlation functions of composite
operators, which in principle can be evaluated, at least in perturbation theory at any fixed order, using
the propagators and vertices derived from the action (1) with the arbitrary value α for the gauge-fixing
parameter.
5A. Feynman rules
In order to carry on an actual evaluation of a relatively simple LKFT (see section below), we need to
derive the Feynman rules for the propagators and vertices. The expressions for the tree level propagators,
that are the elements of the inverse of the quadratic part of the classical action, were given in [52]. The
non-vanishing ones are given by
〈Aaµ(p)Abν(−p)〉0 =
1
p2
(
δµν + (α− 1)pµpν
p2
)
δab,
〈Aaµ(p)bb(−p)〉0 =
pµ
p2
δab,
〈Aaµ(p)ξb(−p)〉0 = −iα
pµ
p4
δab,
〈ba(p)ξb(−p)〉0 = i
p2
δab,
〈ξa(p)ξb(−p)〉0 = α
p4
δab,
〈ξa(p)τ b(−p)〉0 = 〈c¯a(p)cb(−p)〉0 = 〈η¯a(p)ηb(−p)〉0 = 1
p2
δab,
(16)
where the mixing fields propagators result from the fact that the quadratic part in the action is not
diagonal. The auxiliary field ba, despite appearing in mixing propagators, does not show up in loop
diagrams, since its own propagator vanishes in any gauge and it does not interact with any other field.
Note that in [52], besides including the massive gluon parameter that enters the transverse part of
the gluon propagator and yields a non-vanishing expression for the τ field propagator, an additional
dimensional gauge-fixing parameter µ is introduced, in a BRST-exact fashion, in order to regularize
the potentially dangerous infrared divergences originated, in four dimensions, by the dipole ghost like
propagator of the dimensionless Stueckelberg field. This extra unphysical scale (see [29] for a different
infrared regularization) enters in the propagators given in (16) and adds to the list a non-vanishing
expression for the mixed 〈Aaµ(p)τ b(−p)〉.
In the following evaluation of the one loop LKFT for the gluon propagator we will set this infrared
regularizing parameter to zero, in order to simplify the calculations. The absence of massive parameters
will additionally allow to easily evaluate the one loop integrals in arbitrary spacetime dimensions. The
employment of dimensional regularization will indeed generate some spurious infrared divergences in
the intermediate steps, but they will eventually cancel out in the final result. We stress that the same
calculation has been performed also including the regularizing parameter µ, and the same result, in D = 4
dimensions, has been obtained once µ is sent to zero in the final expression. Said otherwise, there is no
need for an infrared renormalization.
In order to obtain the LKFT for the gluon propagator at the one loop level, we need to keep the
terms from the expansion of Ahµ in (10) up to the order of g
2 and derive from the action Sh in (1) the
corresponding Feynman rules for the tree level vertices, that add to the usual vertices of QCD. These
have been obtained using the Mathematica package FeynRules [55], and are given by (a total momentum
conservation is implicitly understood)
〈Aaµ(p)τ b(q)ξc(k)〉0 = −igfabcqµ,
〈τa(p)ξb(q)ξc(k)〉0 = g
2
fabc p·(k − q),
〈η¯a(p)ηb(q)Acµ(k)〉0 = igfabcpµ,
〈η¯a(p)ηb(q)ξc(k)〉0 = −gfabcp·k,
〈Aaµ(p)τ b(q)ξc(k)ξd(l)〉0 = i
g2
2
qµ
(
fadefebc + facefebd
)
,
〈τa(p)ξb(q)ξc(k)ξd(l)〉0 = g
2
6
[
fadefebcp·(k − q) + facefebdp·(l − q) + fabefecdp·(l − k)] .
(17)
6IV. LKFT FOR THE GLUON PROPAGATOR
The transformation (15) for the case of 2-point gauge fields, where the remaining part is obtained by
expanding Ahµ up to order g
2, reads
〈Aaµ(x)Abν(y)〉α =〈Aaµ(x)Abν(y)〉α=0 + 2〈Aaµ(x)∂νξb(y)〉α − 〈∂µξa(x)∂νξb(y)〉α
+ 2gf bcd〈Aaµ(x)Acν(y)ξd(y)〉α − 2gf bcd〈∂µξa(x)Acν(y)ξd(y)〉α
− g2facef bdf 〈Acµ(x)ξe(x)Adν(y)ξf (y)〉α + gf bcd〈Aaµ(x)ξc(y)Ddeν ξe(y)〉α
− gf bcd〈∂µξa(x)ξc(y)Ddeν ξe(y)〉α − g2facef bdf 〈Ac(x)ξe(x)ξd(y)∂νξf (y)〉α
− g
2
4
facef bdf 〈ξc(x)∂µξe(x)ξd(y)∂νξf (y)〉α + g
2
3
f bcefedf 〈Aaµ(x)ξc(y)ξd(y)∂νξf (y)〉α
− g
2
3
f bcefedf 〈∂µξa(x)ξc(y)ξd(y)∂νξf (y)〉α +O(g3),
(18)
where the symmetry under the interchange a↔ b, µ↔ ν, x↔ y has been employed (e.g. 〈Aaµ(x)∂νξb(y)〉 =
〈∂µξa(x)Abν(y)〉). The last two terms in the first line of (18), evaluated at zero order, yield the longi-
tudinal part of the gluon propagator at tree level. In fact, Fourier transforming to momentum space
(∂µ → −ipµ) and substituting the Feynman rules given in (16) for the Aµ-ξ and ξ correlation functions,
one gets that these two terms add up to αpµpν/p
4. Note that in the Abelian case this represents the
whole content of the LKFT, since all the other terms in (18) vanish and there are no quantum corrections
beyond tree level for the terms in the first line, due to the fact that there are no interactions among
the extra fields, as it is easily seen setting the structure constants to zero. The LKFT for the photon
propagator is therefore trivial and yet provides the fundamental property of gauge independency of the
vacuum polarization, which is related to the physical character of the effective electric charge, and the
non-dressing of the unphysical longitudinal part of the propagator, which can also be derived from the
Ward identity. This last property survives in the non-Abelian case, while the transverse part acquires a
non-trivial dependency on the gauge parameter, given by the evaluation of the correlation functions, at
order g2, in (18).
The corresponding Feynman diagrams have been generated by implementing the model with FeynArts
[56] b, and evaluated by using the reduction routine of FeynCalc [57]. The automatization of the calculation
is in order, due to the proliferation of diagrams expected from the presence of the mixing propagators
and extra vertices.
The correlation functions below the first line in (18) are expectation values of composite operators,
namely they include at least two fields evaluated at the same point. The practical way to calculate the
corresponding Feynman diagrams is to introduce external sources attached to these composite operators
and then evaluate the 2-point correlation functions involving one (or more) extra source that takes care
of inserting the corresponding composite operator. We therefore add to the classical action a term that
includes three external sources attached to the three composite operators that appear in the expansion
of Ahµ (10), up to the order of g
2 considered here
SJ = −
∫
dDx
[
gfabcξbAcµJ
1,a
µ −
g
2
fabcξbDcdµ ξ
dJ2,aµ −
g2
3!
fabdfdceξbξc∂µξ
eJ3,aµ
]
, (19)
bWe are specially grateful to Thomas Hahn for fixing a bug concerning the generation of diagrams involving mixing scalar
propagators.
7which yield additional vertices with the following Feynman rules
〈J1,aµ (p)Abν(q)ξc(k)〉0 = −gfabcδµν ,
〈J2,aµ (p)ξb(q)ξc(k)〉0 = i
g
2
fabc(kµ − qµ),
〈J2,aµ (p)Abν(q)ξc(k)ξd(l)〉0 = −
g2
2
(
facef bde + fadef bce
)
δµν ,
〈J3,aµ (p)ξb(q)ξc(k)ξd(l)〉0 = i
g2
6
[
fadef bce(kµ − qµ) + facef bde(lµ − qµ) + fabef cde(lµ − kµ)
]
.
(20)
In order to illustrate the details of the computation, we will focus here exclusively on the non-trivial
transverse part of the LKFT. We shall leave the discussion of the longer longitudinal one to the Appendix,
where it is found that these contributions sum up to zero beyond tree level, as dictated by the Ward
identity. This serves as an important consistency check on both methodology and explicit computation.
In fact, the transverse part involves many fewer diagrams than the longitudinal one, since external
mixing scalar-vector propagators, being proportional to the external momentum, do not show up. More-
over, the correlation functions in (18) that involve a derivative of an elementary field, like the ones in the
first line, also contribute only to the longitudinal part once Fourier transformed. Note, however, that if
a derivative is part of a composite operator, that correlation function can yield transverse contributions,
since, once Fourier transformed, the derivative translates to a loop momentum instead of an external one.
We also stress that at the one loop level the new ghost fields do not appear in the transverse part of
the LKFT, while they play an important role at cancelling longitudinal contributions (see Appendix).
In Fig.1 we show the Feynman diagrams and their corresponding expressions, in D spacetime Euclidean
dimensions, that contribute to the transverse part of the correlation functions in (18) at the one loop
level. The upper symbol ⊥ on the correlation functions stands for the transverse part, meaning that their
expressions have been contracted with (δµν − pµpν/p2)/(D− 1). Putting all the pieces together, the final
result for the LKFT of the gluon propagator, in momentum space, is3
〈Aaµ(p)Abν(−p)〉α =〈Aaµ(p)Abν(−p)〉α=0 + α
pµpν
p4
δab
−
(
δµν − pµpν
p2
)
δab
g2CA
(4pi)D/2
pD−6
α(α(D − 4) + 6D − 20)Γ2(D/2)Γ(2−D/2)
2(D − 2)Γ(D − 1) ,
(21)
which coincides with the known result obtained from a direct evaluation in a generic linear covariant
gauge (see for instance [58]).
V. NIELSEN IDENTITY
We remind here that the Nielsen identities [59] can also be used to derive an explicit relationship of the
variation of any Green function under a gauge parameter change, see also [60, 61]. As such, we expect
that the LKFTs and Nielsen identities should have a common origin, which hereafter we will uncloak
using the Slavnov-Taylor identity, which itself expresses the BRST invariance of the underlying theory.
3Here we are already using the result, proved in the Appendix, that all the longitudinal contributions cancel out beyond tree
level.
8 A → J1
A
J1
ξ
τ A
A
J1
ξ A
τ ξ
A
J1
A
A ξ
+
A → J1
A
J1
ξ
τ A
A
J1
ξ A
τ ξ
A
J1
A
A ξ
−g f bcd⟨Aaμ(p)(Acνξd)(−p)⟩⊥ =
= δab g
2CA
(4π)D/2 p
D−6 α (α(D − 4) + 3D − 8)Γ(D/2)Γ(D/2 − 1)Γ(2 − D/2)
2Γ(D − 1)J1 → J1
J1
J1
ξ
A
J1
J1
ξ A
A ξ
+
J1 → J1
J1
J1
ξ
A
J1
J1
ξ A
A ξ
g2 f ace f bdf⟨(Acμξe)(p)(Adν ξf )(−p)⟩⊥ =
= − δab g
2CA
(4π)D/2 p
D−6 α (2α(D − 4) + 3D − 8)Γ(D/2)Γ(D/2 − 1)Γ(2 − D/2)
2Γ(D − 1)A → J2
A J2
ξ
A
J2
ξ
τ ξ
A
J2
A ξ
A ξ
+
A → J2
A J2
ξ
A
J2
ξ
τ ξ
A
J2
A ξ
A ξ
+
A → J2
A J2
ξ
A
J2
ξ
τ ξ
A
J2
A ξ
A ξ
− g2 f
bcd⟨Aaμ(p)(ξcDdeν ξe)(−p)⟩⊥ =
= − δab g
2CA
(4π)D/2 p
D−6 α (α(D − 4) + 2)Γ(D/2)Γ(D/2 − 1)Γ(2 − D/2)
4Γ(D − 1)
g2
2 f
ace f bdf⟨(Acξe)(p)(ξd∂νξf )(−p)⟩⊥ =
J1 → J2
J1
J2
ξ
A ξ
= δab g
2CA
(4π)D/2 p
D−6 α
2(D − 4)(D − 1)Γ2(D/2)Γ(2 − D/2)
(D − 2)Γ(D)
g2
4 f
ace f bdf⟨(ξc∂μξe)(p)(ξd∂νξf )(−p)⟩⊥ =
J2 → J2
J2
J2
ξ
ξ
= − δab g
2CA
(4π)D/2 p
D−6 α
2(D − 4)(D − 1)Γ2(D/2)Γ(2 − D/2)
2(D − 2)Γ(D)
− g
2
6 f
bce f edf⟨Aaμ(p)(ξcξd∂νξf )(−p)⟩⊥ = O(g3)
FIG. 1 – Transverse parts of the different correlation functions that enter the LKFT of the gluon
propagator (see eq. (18)) at the one loop level in D spacetime dimensions.
9A. BRST invariance and its extended version
The action (1) enjoys the exact BRST nilpotent symmetry, sS = 0, with
sAaµ = −Dabµ cb ,
sψi = −igca(T a)ijψj ,
sψ¯i = igcaψ¯j(T a)ji ,
sca =
g
2
fabccbcc ,
sc¯a = iba ,
sba = 0 ,
sτa = 0 ,
sη¯a = sηa = 0 . (22)
The BRST operator s is nilpotent, i.e.
s2 = 0 . (23)
B. Extended BRST invariance
One notices that the Faddeev-Popov gauge fixing term, eq.(3), can be rewritten as an exact BRST
variation, namely
SFP =
∫
d4x s
(
c¯a(∂µA
a
µ − i
α
2
c¯aba
)
. (24)
This important property has allowed the authors [62] to extend the variation of the operator s on the
gauge parameter α itself, by keeping nilpotency, exact BRST invariance and renormalizability, namely
sα = χ , sχ = 0 , s2 = 0 , (25)
where χ is a Grassmann parameter with ghost number 1, which is to be set to zero at the end. Expression
(24) reads now
SFP =
∫
d4x
(
iba ∂µA
a
µ +
α
2
baba + c¯a ∂µD
ab
µ c
b − iχ
2
c¯aba
)
. (26)
Evidently, due to the nilpotent character of the extended BRST operator, the action S remains BRST
invariant. Nevertheless, as we shall see in the following, the use of the extended BRST transforma-
tion, eq.(25), will allow us to derive both LKF transformations and Nielsen identities for the generating
functional of the theory in a very elegant and powerful way.
C. A generalized Slavnov-Taylor identity
We are now ready to translate the exact BRST invariance into the functional form of the Slavnov-
Taylor identity, which will enable to establish useful properties of the Green functions of the theory.
Following the algebraic setup of [63], we need to introduce a set of external BRST invariant sources
(Ωaµ, L¯i,Li, La,Ka) coupled to the non-linear BRST variations of the fields (Aaµ, ψi, ψ¯i, ca, ξa) as well as
the sources (J aµ , T¯ i, T i) coupled to the BRST invariant composite operators (Ahaµ , ψhi, ψ¯hi), eq.(5),
sΩaµ = sLi = sL¯i = sLa = sKa = sJ aµ = sT¯ i = sT i = 0 . (27)
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We shall thus start with the BRST invariant complete action Σ defined by
Σ =
∫
d4x
(
1
4
(
F aµν
)2
+ ψ¯( /D +mf )ψ + ib
a∂µA
a
µ + c¯
a∂µD
ab
µ c
b +
α
2
(ba)
2 − iχ
2
c¯aba
+τa∂µA
ha
µ + η¯
a∂µD
ab
µ
(
Ah
)
ηb +
m2
2
Ahaµ A
ha
µ + J aµAhaµ + T¯ iψhi + T iψ¯hi
−ΩaµDabµ cb − igL¯ica(T a)ijψj + igLica(T a)jiψ¯j +
g
2
fabcLacbcc +Kag (ξ)
ab
cb
)
. (28)
The BRST invariance of the external sources ensures that
sΣ = 0 . (29)
Therefore, the complete action Σ obeys the following Slavnov-Taylor identity
S (Σ) =
∫
d4x
(
δΣ
δΩaµ
δΣ
δAaµ
+
δΣ
δL¯i
δΣ
δψi
+
δΣ
δLi
δΣ
δψ¯i
+
δΣ
δLa
δΣ
δca
+ iba
δΣ
δc¯a
+
δΣ
δKa
δΣ
δξa
)
+ χ
δΣ
δα
= 0 . (30)
The all order renormalizability of the action (28) can be established within the algebraic renormalization
framework without any difficulty, by repeating the analysis already done in [64]. We shall thus directly
focus on the consequences which can be derived from the generalized Slavnov-Taylor (30), which we
rewrite for the generator Γ of the 1PI Green functions of the theory, namely
S (Γ) =
∫
d4x
(
δΓ
δΩaµ
δΓ
δAaµ
+
δΓ
δL¯i
δΓ
δψi
+
δΓ
δLi
δΓ
δψ¯i
+
δΓ
δLa
δΓ
δca
+ iba
δΓ
δc¯a
+
δΓ
δKa
δΓ
δξa
)
+ χ
δΓ
δα
= 0 . (31)
For later convenience, it is helpful to already perform the Legendre transformation and rewrite the
Slavnov-Taylor identity (31) for the generator of the connected Green function Z[J,Q, µ]
Z[J,Q, µ] = Γ[Φ,Q, µ] +
∑
i
∫
d4xJ
(Φ)
i Φi , (32)
whereby J stands for the standard sources coupled to the fields of the theory and
Φi ≡ {Aµ, ψ, ψ¯, b, c, c¯, ξ, τ, η, η¯} ,
Q ≡ {Ωµ, L¯,L, L,K,Jµ, T¯ , T } ,
µ ≡ {χ, α} . (33)
From expression (32) we have
δΓ
δΦbosi
= −J (Φbos)i ,
δZ
δJ
(Φbos)
i
= Φbosi , (34)
for bosonic fields and
δΓ
δΦferi
= J
(Φfer)
i ,
δZ
δJ
(Φfer)
i
= Φferi , (35)
for fermionic fields. Also
δΓ
δQ =
δZ
δQ ,
∂Γ
∂µ
=
∂Z
∂µ
. (36)
When written in terms of the generating functional Z[J,Q, µ], the previous identity, eq.(31), takes the
form: ∫
d4z
[
− J (Aa)µ (z)
δZ
δΩaµ(z)
− J (ψi)(z) δZ
δL¯i(z) − J
(ψ¯i)(z)
δZ
δLi(z) + J
(ca)(z)
δZ
δLa(z)
− J (ξa)(z) δZ
δKa(z)
+ iJ (c¯
a)(z)
δZ
δJ (ba)(z)
]
+ χ
∂Z
∂α
= 0 .
(37)
We are now ready to exploit the equation (37) at the level of the Green functions of the theory.
As we shall see, the identity (37) succinctly encodes both LKF transformations and Nielsen identities.
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D. Derivation of the LKF transformations
In order to derive the LKF transformations for the connected correlation functions of n gluon fields
and m pairs of fermion and anti-fermion fields, we act on the identity (37) with the test operator
∂
∂χ
δ
δJ a1µ1 (x1)
· · · δ
δJ anµn(xn)
δ2
δT i1(y1)δT¯ j1(z1) · · ·
δ2
δT im(ym)δT¯ jm(zm) , (38)
and set all sources (J,Q) and the parameter χ equal to zero at the very end. One thus gets the result
∂
∂α
〈Aha1µ1 (x1) . . . Ahanµn (xn)ψ¯hi1(y1)ψhj1(z1) . . . ψ¯him(ym)ψhjm(zm)〉 = 0 , (39)
expressing the independence from the gauge parameter α of the BRST invariant Green function
〈Aha1µ1 (x1) . . . Ahanµn (xn)ψ¯hi1(y1)ψhj1(z1) . . . ψ¯him(ym)ψhjm(zm)〉.
From eq.(39), we immediately get
〈Aha1µ1 (x1) . . . Ahanµn (xn)ψ¯hi1(y1)ψhj1(z1) . . . ψ¯him(ym)ψhjm(zm)〉α
= 〈Aha1µ1 (x1) . . . Ahanµn (xn)ψ¯hi1(y1)ψhj1(z1) . . . ψ¯him(ym)ψhjm(zm)〉α=0
= 〈Aha1µ1 (x1) . . . Ahanµn (xn)ψ¯hi1(y1)ψhj1(z1) . . . ψ¯him(ym)ψhjm(zm)〉Landau .
(40)
Let us also remind here that, in the Landau gauge, the Stueckelberg field ξa enjoys the important
property of being completely decoupled from the theory, as one can directly realise form its propagator,
〈ξ(p)ξ(−p)〉 = αp4 , which vanishes when α = 0. As a consequence, eq.(40), takes the simpler form
〈Aha1µ1 (x1) . . . Ahanµn (xn)ψ¯hi1(y1)ψhj1(z1) . . . ψ¯him(ym)ψhjm(zm)〉α
= 〈Aa1µ1(x1) . . . Aanµn(xn)ψ¯i1(y1)ψj1(z1) . . . ψ¯im(ym)ψjm(zm)〉Landau ,
(41)
where 〈Aa1µ1(x1) . . . Aanµn(xn)ψ¯i1(y1)ψj1(z1) . . . ψ¯im(ym)ψjm(zm)〉Landau stands for the (n+ 2m)-point con-
nected correlation function of the Landau gauge. Expanding now the composite fields
(
Ahµ, ψ
h, ψ¯h
)
in
powers of ξa, eq.(10, 13), one has
〈Aha1µ1 (x1) . . . Ahanµn (xn)ψ¯hi1(y1)ψhj1(z1) . . . ψ¯him(ym)ψhjm(zm)〉α
= 〈Aa1µ1(x1) . . . Aanµn(xn)ψ¯i1(y1)ψj1(z1) . . . ψ¯im(ym)ψjm(zm)〉α +Rα(x1, . . . , xn, y1, . . . , ym, z1, . . . , zm) ,
(42)
where Rα(x1, . . . , xn, y1, . . . , ym, z1, . . . , zm) collects all higher order perturbative contribution coming
from the interaction vertices of the action (1), see [24] for the example of the two-point gauge correlation
function.
Finally, we have
〈Aa1µ1(x1) . . . Aanµn(xn)ψ¯i1(y1)ψj1(z1) . . . ψ¯im(ym)ψjm(zm)〉α
= 〈Aa1µ1(x1) . . . Aanµn(xn)ψ¯i1(y1)ψj1(z1) . . . ψ¯im(ym)ψjm(zm)〉Landau −Rα(x1, . . . , xn, y1, . . . , ym, z1, . . . , zm) ,
(43)
expressing in compact form the non-Abelian LKF transformations recently obtained in [24].
E. The Nielsen identities
Let us now proceed by showing that the same identity, eq.(37), enables us to derive also the Nielsen
identities of the (n+ 2m)-point correlation function. To that end, we act on the equation (37) with the
test operator
∂
∂χ
δ
δJA
a1
µ1 (x1)
· · · δ
δJAanµn (xn)
δ2
δJ ψ¯
i1 (y1)δJψ
j1 (z1)
· · · δ
2
δJ ψ¯im (ym)δJψ
jm (zm)
, (44)
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and set all sources (J,Q) and the parameter χ equal to zero. One thus gets (we omit the spacetime
arguments in the functional derivatives of the RHS)4
∂
∂α
〈Aa1µ1(x1) . . . Aanµn(xn)ψ¯i1(y1)ψj1(z1) . . . ψ¯im(ym)ψjm(zm)〉
=
n∑
k=1
∂
∂χ
δ
δJA
a1
µ1
· · ·
 
 
 @
@
@
δ
δJA
ak
µk
· · · δ
δJAanµn
δ2
δJ ψ¯
i1 δJψ
j1
· · · δ
2
δJ ψ¯im δJψjm
δZ
δΩakµk
+
m∑
k=1
∂
∂χ
δ
δJA
a1
µ1
· · · δ
δJAanµn
δ2
δJ ψ¯
i1 δJψ
j1
· · ·


HHHHHH
δ2
δJ ψ¯
ik δJψ
jk
· · · δ
2
δJ ψ¯im δJψjm
δ2Z
δJ ψ¯
ik δL¯jk
+
m∑
k=1
∂
∂χ
δ
δJA
a1
µ1
· · · δ
δJAanµn
δ2
δJ ψ¯
i1 δJψ
j1
· · ·


HHHHHH
δ2
δJ ψ¯
ik δJψ
jk
· · · δ
2
δJ ψ¯im δJψjm
δ2Z
δLikδJψjk ,
(45)
namely
∂
∂α
〈Aa1µ1(x1) . . . Aanµn(xn)ψ¯i1(y1)ψj1(z1) . . . ψ¯im(ym)ψjm(zm)〉
=
n∑
k=1
〈Aa1µ1(x1) . . .
[
i
2
∫
d4z c¯p(z)bp(z)
]
Dakbµk c
k(xk) . . . A
an
µn(xn)ψ¯
i1(y1)ψ
j1(z1) . . . ψ¯
im(ym)ψ
jm(zm)〉
+
m∑
k=1
〈Aa1µi (x1) · · ·Aanµn(xn)ψ¯i1(y1)ψj1(z1) . . .
[
i
2
∫
d4z c¯p(z)bp(z)
]
×
[
−igψ¯ik(yk) (T a)jkl ψl(zk)ca(zk)
]
. . . ψ¯im(ym)ψ
jm(zm)〉
+
m∑
k=1
〈Aa1µi (x1) · · ·Aanµn(xn)ψ¯i1(y1)ψj1(z1) . . .
[
i
2
∫
d4z c¯p(z)bp(z)
]
×
[
igc¯a(yk)ψ¯
l(yk) (T
a)
lik ψjk(zk)
]
. . . ψ¯im(ym)ψ
jm(zm)〉 .
(46)
For instance, in the case of the two-point gluon correlation function, equation (46) yields, at the first
order, the known result
∂
∂α
〈Aaµ(p)Abν(−p)〉 = δab
pµpν
p4
. (47)
Moreover, it turns out that equation (47) holds to all orders, due to the Ward identities of the theory,
see [61].
F. Summary and conclusion
Firstly, we have explicitly checked at one-loop order that the recently derived non-Abelian LKFTs [24]
do reproduce the correct gauge parameter dependence of the gluon propagator, for the transversal as well
as longitudinal projections thereof. We elucidated the role of the extra fields that were introduced to
encode these LKFTs in an local, renormalizable fashion and setup a computational framework based on
FeynArts, FeynCalc and FeynRules that can be readily generalized to the fermion sector and higher orders.
This included a way how to deal with composite operators entering the game.
Secondly , we have derived both LKFTs and Nielsen identities from a unique, generalised Slavnov-
Taylor identity, eq.(37). This shows the equivalence of both transformations, which enables us to keep
4The notationZJi means that the term is not included in the product.
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control of the gauge parameter dependence of the Green functions of the theory. Evidently, the final
result is the same when evaluated with both methods.
Let us end this analysis by pointing out a few remarks and potential applications:
• when both identities are applied to the gluon propagator, the pole mass of the transverse component
of the propagator turns out to be independent from the gauge parameter, see also [60, 61].
• the inclusion of fermion fields is almost immediate. This is due to the possibility of introducing a
gauge invariant spinor field ψh [24]. As in the case of the gluon propagator, both transformations
will give rise to the pole mass independence of the fermion propagator. These results will be
presented elsewhere.
• The differential form of the Nielsen identities, eq.(46), suggests that the dependence from the gauge
parameter α could be exponentiated, as one can check out explicitly in the case of the gluon
propagator. This means that the whole dependence from the gauge parameter α would be lifted
into an exponential. Schematically, we would have
〈A1 . . . An〉α = eM(α) 〈A1 . . . An〉α=0 , (48)
an equation which would be rather useful for non-perturbative modelling of (higher order) Green
functions. A similar equation should hold also for the LKFT. In future work, we will employ
our calculational scheme to gain access to the quantity M(α), related to a set of 1PI correlation
functions with insertions of composite operators, see the rhs of (46).
• We hope that LKFT/Nielsen identity for the fermion propagator might be linked with the sponta-
neous chiral symmetry breaking in the quark sector, with the output that, as expected, the chiral
condensate would be fully α-independent. To be more precise, the chiral condensate can be defined
via the fermion propagator,
〈ψ¯ψ〉 =
∫
dDp 〈ψ¯(p)ψ(−p)〉 (49)
which however obscures the gauge independence of 〈ψ¯ψ〉. But from (49), we obviously have
∂
∂α
〈ψ¯ψ〉 =
∫
dDp
∂
∂α
〈ψ¯(p)ψ(−p)〉 (50)
and the latter integrand can be controlled via the Nielsen identity. As such, we will investigate
whether this integral vanishes or not when ∂α 〈ψ¯(p)ψ(−p)〉 is re-expressed via the Nielsen identity.
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Appendix A: Longitudinal contributions
We will present here the expressions for the diagrams that contribute to the longitudinal part of the
LKFT (18) of the gluon propagator and the way they cancel among each others in order to guarantee
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the transversality of the gluon self-energy, as dictated by the Ward identity. This is a known result in
usual QCD that we need to recover in this framework with extra auxiliary fields.
We first consider the one-loop contributions coming from the terms 〈Aaµ(x)∂νξb(y)〉 and 〈∂µξa(x)∂νξb(y)〉
from the first line in (18), which, transformed to momentum space, respectively become ipν〈Aaµ(p)ξb(−p)〉
and pµpν〈ξa(p)ξb(−p)〉. They have several contributions, increased by the diagrams that can be drawn
with different combinations of external mixing propagators. Let us consider the one loop corrections to
〈Aaµ(p)ξb(−p)〉. The diagrams with external gluon and Stueckelberg propagators sum up to zeroA → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+ = 0
(A1)
The first two diagrams are scaleless tadpoles, which vanish in dimensional regularization, while the last
two are non-vanishing and cancel each others out, showing a first involvement of the new ghost fields at
‘eating up’ diagrams that would contribute to the longitudinal part of the gauge boson propagator. This
result also clearly shows that there are no contributions to the correlation function 〈ξa(p)ξb(−p)〉 coming
from diagrams with an external ξ-Aµ mixing propagator on one end and a ξ propagator on the other.
We then consider the contributions to ipν〈Aaµ(p)ξb(−p)〉 coming from the diagrams with an external
gluon propagator and an external τ -ξ propagator. They are given by the following diagrams5
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+ = 0
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
+
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
+
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
+
(A2)
Without the need of deriving the explicit expression for these diagrams, it is easy to show that they
will cancel against the contributions to pµpν〈ξa(p)ξb(−p)〉 coming from the same diagrams but with the
external gluon propagator replaced by an external ξ-Aµ propagator. In fact, if we denote by pµΣAaµτb(p)
the sum of the diagrams in (A2) with the external propagators amputated, the expression that will
contribute to ipν〈Aaµ(p)ξb(−p)〉 is
ipν〈Aaµ(p)Acα(−p)〉0
(
pαΣAcατd(p)
) 〈τd(−p)ξb(p)〉0 = iαpµpν
p2
ΣAaµτb(p), (A3)
where we substituted the expressions for the tree-level propagators given in (16). On the other hand, the
expression that will contribute to pµpν〈ξa(p)ξb(−p)〉 is given by
pµpν〈ξa(p)Acα(−p)〉0
(
pαΣAcατd(p)
) 〈τd(−p)ξb(p)〉0 = iαpµpν
p2
ΣAaµτb(p), (A4)
hence they exactly cancel out inside the gluon LKFT (18). Note that both the contributions appear twice
in (18), on one hand because there is a factor 2 multiplying ipν〈Aaµ(p)ξb(−p)〉, and on the other because
there are two topologically inequivalent sets of diagrams that contribute to pµpν〈ξa(p)ξb(−p)〉, one with
the mixed ξ-Aµ on the left and the mixed τ -ξ on the right and the other with the external propagators
swapped.
The exact same argument goes to show the cancellation between the expressions of the diagrams with
external Aµ-ξ and τ -ξ propagators that contribute to ipν〈Aaµ(p)ξb(−p)〉 on one side, and the diagrams
5From now on we will omit all the vanishing scaleless tadpole diagrams.
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with an external ξ and τ -ξ propagators that contribute to pµpν〈ξa(p)ξb(−p)〉 on the other. For the first
contributions we have
ipν〈Aaµ(p)ξc(−p)〉0
(
Σξcτd(p)
) 〈τd(p)ξb(−p)〉0 = αpµpν
p6
Σξaτb(p), (A5)
while for the second ones
pµpν〈ξa(p)ξc(−p)〉0
(
Σξcτd(p)
) 〈τd(p)ξb(−p)〉0 = αpµpν
p6
Σξaτb(p). (A6)
The same exact cancellation would not occur for the contributions coming from the diagrams with two
external Stueckelberg propagators in 〈ξa(p)ξb(−p)〉 because swapping two identical external propagators
does not yield topologically inequivalent diagrams. Fortunately, these diagrams add up to zero:
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
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A
ξ
A
A τ
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+ = 0
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
+
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
+
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
+
ξ → ξ
ξ ξ
c
ξ ξ
ξτ
ξ ξ
τA
ξ ξ
τξ
ξ ξ
Aτ
ξ
ξ
ξ
τ
ξ
ξ
c
c
ξ
ξ
η
η
ξ
ξ
τ
A
ξ → ξ
ξ
ξ
τ
ξ A
ξ
ξ
ξ τ
τ A
ξ
ξ
ξ τ
τ ξ
ξ
ξ
τ
A ξ
ξ
ξ
τ A
A τ
ξ
ξ
τ ξ
A τ
+ = 0
(A7)
Again the new ghost fields serve the purpose of cancelling a loop with internal ξ-τ propagators.
There are also contributions coming from diagrams with external gluon and Aµ-ξ propagators and with
external ξ-Aµ and Aµ-ξ propagators. The corresponding diagrams with amputated external propagators
are the ones that appear in the usual QCD gluon self-energy which yield a transverse expression, plus the
following extra diagrams, again involving a loop of ghosts η and a loop of mixed ξ-τ whose expressions
cancel each others out.
ξ A → A ξ
ξ A ξA
A
ξ A
ξA
ξ
τ
ξ A
ξA
c
c
ξ A
ξA
η
η
ξ A
ξA
A
A
ξ A
ξA
ξ A
τ A
ξ A
ξA
ξ τ
τ ξ
ξ A
ξA
A ξ
A τ
+
ξ A → A ξ
ξ A ξA
A
ξ A
ξA
ξ
τ
ξ A
ξA
c
c
ξ A
ξA
η
η
ξ A
ξA
A
A
ξ A
ξA
ξ A
τ A
ξ A
ξA
ξ τ
τ ξ
ξ A
ξA
A ξ
A τ
= 0
(A8)
There are nevertheless contributions to pµpν〈ξa(p)ξb(−p)〉 that are not zero nor cancel against correspond-
ing contributions to ipν〈Aaµ(p)ξb(−p)〉. These come from the diagrams with two external ξ-τ propagators,
which have no counterparts with Aµ-τ propagators, because these propagators are zero in the theory with
no explicit infrared regularizing mass parameter. Taking the longitudinal part of these contributions (i.e.
(pµpν〈ξa(p)ξb(−p)〉)‖ = p2〈ξa(p)ξb(−p)〉, where the upper symbol ‖ stands for the contraction with the
longitudinal projector pµpν/p
2) one gets
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
A τ
+
A → ξ
A ξ
ξτ
A ξ
τξ
A
ξ
ξ
τ
A
ξ
c
c
A
ξ
η
η
A
ξ
τ
ξ A
A
ξ
ξ τ
τ A
A
ξ
ξ τ
τ ξ
A
ξ
A
τ
+ = 0
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
+
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
+
A → τ ξ
A ξτ
ξ
A
ξτ
ξ
τ A
A
ξτ
ξ
τ ξ
A
ξτ
ξ A
τ ξ
A
ξτ
A
A ξ
A
ξτ
A ξ
A ξ
+
ξ → ξ
ξ ξ
c
ξ ξ
ξτ
ξ ξ
τA
ξ ξ
τξ
ξ ξ
Aτ
ξ
ξ
ξ
τ
ξ
ξ
c
c
ξ
ξ
η
η
ξ
τ
A
ξ → ξ
ξ
ξ
τ
ξ A
ξ
ξ
ξ τ
τ A
ξ
ξ
ξ τ
τ ξ
ξ
ξ
τ
A ξ
ξ
ξ
τ A
A τ
ξ
ξ
τ ξ
A τ
+ = 0
ξ τ → τ ξ
ξ τ
ξτ
ξ
ξ
ξ τ
ξτ
ξ
A
ξ τ
ξτ
ξ
ξ A
ξ τ
ξτ
ξ
A ξ
ξ τ
ξτ
ξ A
A ξ
ξ τ → τ ξ
ξ τ
ξτ
ξ
ξ
ξ τ
ξτ
ξ
A
ξ τ
ξτ
ξ
ξ A
ξ τ
ξτ
ξ
A ξ
ξ τ
ξτ
ξ A
A ξ
+ +
ξ τ → τ ξ
ξ τ
ξτ
ξ
ξ
ξ τ
ξτ
ξ
A
ξ τ
ξτ
ξ
ξ A
ξ τ
ξτ
ξ
A ξ
ξ τ
ξτ
ξ A
A ξ
+
ξ τ → τ ξ
ξ τ
ξτ
ξ
ξ
ξ τ
ξτ
ξ
A
ξ τ
ξτ
ξ
ξ A
ξ τ
ξτ
ξ
A ξ
ξ τ
ξτ
ξ A
A ξ
+
ξ τ → τ ξ
ξ τ
ξτ
ξ
ξ
ξ τ
ξτ
ξ
A
ξ τ
ξτ
ξ
ξ A
ξ τ
ξτ
ξ
A ξ
ξ τ
ξτ
ξ A
A ξ
= − δab g
2CA
(4π)D/2 p
D−6 α(α + 4 + D(D − 5))Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
2Γ(D − 1)
(A9)
This represents the only non-vanishing contribution to the longitudinal part of the LKFT coming from
the first line of (18), contribution that must be cancelled somehow by the correlation functions involving
composite operators. Analogous cancellations occur between diagrams corresponding to 〈Aaµ(p)Ob(−p)〉‖
and 〈(∂µξa)(p)Ob(−p)〉‖, where O(p) stands for a composite operator, and the only contributions that
survive, for lack of a counterpart, are the diagrams corresponding to 〈(∂µξa)(p)Ob(−p)〉‖ with an external
ξ-τ propagator. These are derived by evaluating the correlation function between the mixed field and
the external source attached to the corresponding composite operator (see section IV). For instance, the
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expression corresponding to gf bcd〈(∂µξa)(p)(Acνξd)(−p)〉‖ is given by
ξ A → A ξ
ξ A ξA
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ξ A
ξA
ξ
τ
ξ A
ξA
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ξ A
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η
η
ξ A
ξA
A
A
ξ A
ξA
ξ A
τ A
ξ A
ξA
ξ τ
τ ξ
ξ A
ξA
A ξ
A τ
+
ξ A → A ξ
ξ A ξA
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ξ A
ξA
ξ
τ
ξ A
ξA
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c
ξ A
ξA
η
η
ξ A
ξA
A
A
ξ A
ξA
ξ A
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ξ A
ξA
ξ τ
τ ξ
ξ A
ξA
A ξ
A τ
= 0
ξ τ → J1
ξ τ
J1
ξ
A
ξ τ
J1
ξ
ξ A
ξ τ
J1
ξ A
A ξ
+
ξ τ → J1
ξ τ
J1
ξ
A
ξ τ
J1
ξ
ξ A
ξ τ
J1
ξ A
A ξ
+
ξ τ → J1
ξ τ
J1
ξ
A
ξ τ
J1
ξ
ξ A
ξ τ
J1
ξ A
A ξ
= δab g
2CA
(4π)D/2 p
D−6 α (2α + 4 + D(D − 5))Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
2Γ(D − 1)
(A10)
and the contribution that survives from g2f
bcd〈(∂µξa)(p)(ξcDdeν ξe)(−p)〉‖ corresponds to
ξ A → A ξ
ξ A ξA
A
ξ A
ξA
ξ
τ
ξ A
ξA
c
c
ξ A
ξA
η
η
ξ A
ξA
A
A
ξ A
ξA
ξ A
τ A
ξ A
ξA
ξ τ
τ ξ
ξ A
ξA
A ξ
A τ
+
ξ A → A ξ
ξ A ξA
A
ξ A
ξA
ξ
τ
ξ A
ξA
c
c
ξ A
ξA
η
η
ξ A
ξA
A
A
ξ A
ξA
ξ A
τ A
ξ A
ξA
ξ τ
τ ξ
ξ A
ξA
A ξ
A τ
= 0
ξ τ → J1
ξ τ
J1
ξ
A
ξ τ
J1
ξ
ξ A
ξ τ
J1
ξ A
A ξ
+
ξ τ → J1
ξ τ
J1
ξ
A
ξ τ
J1
ξ
ξ A
ξ τ
J1
ξ A
A ξ
+
ξ τ → J1
ξ τ
J1
ξ
A
ξ τ
J1
ξ
ξ A
ξ τ
J1
ξ A
A ξ
= δab g
2CA
(4π)D/2 p
D−6 α (2α + 4 + D(D − 5))Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
2Γ(D − 1)ξ τ → J2
ξ τ
J2
ξ
ξ
ξ τ
J2
ξ
A ξ
+
ξ τ → J2
ξ τ
J2
ξ
ξ
ξ τ
J2
ξ
A ξ
= − δab g
2CA
(4π)D/2 p
D−6 αΓ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
2Γ(D − 1)
(A11)
What is left to evaluate are the longitudinal contributions to the correlation functions between composite
operators. The expression for g2facef bdf 〈(Acµξe)(p)(Adνξf )(−p)〉‖ is given by
J1 → J1
J1
J1
ξ
A
J1
J1
ξ A
A ξ
+
J1 → J1
J1
J1
ξ
A
J1
J1
ξ A
A ξ
= − δab g
2CA
(4π)D/2 p
D−6 α (4(α + 1) + D(D − 5))Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
2Γ(D − 1)
(A12)
The expression for g
2
2 f
acef bdf 〈(Acξe)(p)(ξd∂νξf )(−p)〉‖ reads
J1 → J1
J1
J1
ξ
A
J1
J1
ξ A
A ξ
+
J1 → J1
J1
J1
ξ
A
J1
J1
ξ A
A ξ
= − δab g
2CA
(4π)D/2 p
D−6 α (4(α + 1) + D(D − 5))Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
2Γ(D − 1)J1 → J2
J1
J2
ξ
A ξ
= δab g
2CA
(4π)D/2 p
D−6 α
2Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
Γ(D − 1)J2 → J2
J2
J2
ξ
ξ
= − δab g
2CA
(4π)D/2 p
D−6 α
2Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
2Γ(D − 1)
(A13)
Finally, the last contribution to the longitudinal part comes from g
2
4 f
acef bdf 〈(ξc∂µξe)(p)(ξd∂νξf )(−p)〉‖
and is given by
J1 → J1
J1
J1
ξ
A
J1
J1
ξ A
A
+
J1 → J1
J1
J1
ξ
A
J1
J1
ξ A
A
= − δab g
2CA
(4π)D/2 p
D−6 α (4(α + 1) + D(D − 5))Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
2Γ(D − 1)J1 → J2
J1
J2
ξ
A ξ
= δab g
2CA
(4π)D/2 p
D−6 α
2Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
Γ(D − 1)J2 → J2
J2
J2
ξ
ξ
= − δab g
2CA
(4π)D/2 p
D−6 α
2Γ(2 − D/2)Γ(D/2)Γ(D/2 − 1)
2Γ(D − 1)
(A14)
Like for the transverse part, there are no contributions of order g2 to − g26 f bcefedf 〈Aaµ(p)(ξcξd∂νξf )(−p)〉
nor to g
2
6 f
bcefedf 〈∂µξa(p)(ξcξd∂νξf )(−p)〉.
Adding all the non-zero longitudinal contributions, it is straightforward to see that the final result is
zero, as expected (note that the expressions (A10), (A11) and (A13) have to be multiplied by a factor 2,
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because of the duplication of crossing terms inside the LKFT).
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